Abstract. In this paper, the notion of local algebraic fundamental groups of normal complex analytic singularities are generalized to certain profinite groups called D-local algebraic fundamental groups which turns out to be useful even for the study of usual local algebraic fundamental groups and the Lefshetz type theorem for D-local algebraic fundamental groups is proved under certain conditions. The theorem yields, for example, the finiteness of the local algebraic fundamental groups of a certain class of four dimensional singularities and will be useful for the classification of three dimensional purely log terminal singularities.
Introduction
Reid-Wahl's cyclic covering trick such as taking canonical or log canonical covers has been played the fundamental role in studying singularities. The underlying principle is that we can understand singularities by taking suitable Galois covers. But in many cases, just like quotient singularity, or surface log terminal singularity with branch loci (i.e., with a standard boudary in Shokurov's terminology ) as explained in [16] , these cyclic covers is dominated by, in some sense, "universal" finite Galois covers and singularities can be more easily seen if we can take this sort of coverings. In Section 1, we introduce the notion of D-local algebraic fundamental groups (Definition 1.8) associated with a pair of a germ of complex singularity X and a Q-Cartier divisor D. In Section 2, We give a comparison theorem (Theorem 2.22, which compare D-local fundamental groups with certain topological invariants which has been introduced in M. Kato ([14] ), M. Namba ([25] ) and J.P. Serre ([32] , Appendix 6.4). In Section 3, we introduce universal index one covers (Definition 3.1) associated with a pair of a germ of complex singularity X and a Q-Cartier divisor D and deduce an exact sequence which relate the D-local fundamental group and the local fundamental group of its universal index one cover and obtain Lemma 3.8 which is a generalization of Brieskorn's lemma ( [4] , Lemma 2.6). In Section 4, we prove the Lefshetz type theorem for D-local algebraic fundamental groups under certain conditions (Theorem 4.9) which enables us to study D-local algebraic fundamental groups inductively on dimensions.
Notation and Terminology Let X be a normal Stein space or a germ of normal complex analytic spaces with a point p ∈ X. Weil X is the free abelian group generated by prime divisors on X and Div X is the subgroup of Weil X generated by Cartier divisors. An element of Weil X (resp. Weil X ⊗ Q) is called an integral divisor (resp. a Q-divisor). Div Q X is the Q-submodule of Weil X ⊗ Q generated by Div X. An elements D of Weil X ⊗ Q is said to be Q-Cartier, if D ∈ Div Q X. For D ∈ Div Q X, the index [ZD : ZD ∩ Div X] ∈ N is called the index of D at p ∈ X denoted by ind p D. Let f : Y → X be a finite morphism between normal Stein spaces or germs of normal complex analytic spaces. The pull-back homomorphism f * : Div X → Div Y canonically extends to a homomorphism f * : Div Q X → Div Q Y . We note that canonical divisor on the smooth loci of X extends to a divisor K X on X by the Remmert-Stein's theorem (see, for example, [12] , Chap. V, Sec. D, Theorem 5) . Let ∆ be a Q-divisor on X such that K X + ∆ is Q-Cartier. ∆ Y is a Q-divisor on Y defined by ∆ Y := fcomponents of the support of µ −1 * ∆ + i∈I E i are smooth and cross normally, where {E i } i∈I is a set of all the exceptional divisors of µ and put d i := mult Ei (K Y + µ −1 * ∆ + i∈I E i − µ * (K X + ∆)) ∈ Q for i ∈ I. The pair (X, ∆) is said to be divisorially log terminal, if all d i are positive and the exceptional loci of µ is purely one codimensional for some µ. (X, ∆) is said to be purely log terminal, if all d i are positive for any µ. Let ∆ := i m i Γ i be the irreducible decomposition of ∆. ⌊∆⌋ := mi=1 Γ i is called the reduced part of ∆ and {∆} := mi<1 d i Γ i is called the fractional part of ∆. Let Γ be a normal prime divisor which does not contained in Supp ∆. Diff Γ (∆) : [18] and [34] ).
Let us fix our terminology from the category theory. By a projective system, we mean a category I such that Hom I (λ, µ) is empty or consists of exactly one element f λ,µ satisfying f λ,µ • f µ,ν = f λ,ν for any λ, µ, ν ∈ Ob I. An object α ∈ Ob I ( resp. ω ∈ Ob I ) is called an initial object ( resp. a final object ) if Card Hom I (α, λ) = 1 ( resp. Card Hom I (λ, ω) = 1) for any λ ∈ Ob I. A projective system I is said to be cofilterd if, for any given two objects λ, µ ∈ Ob I, there exists ν ∈ Ob I with Card Hom I (ν, λ) = Card Hom I (ν, µ) = 1. A covariant functor Φ :
between injective systems I • and I ′• is said to be cofinal, if, for any given λ ′ ∈ Ob I ′• , there exists λ ∈ Ob I • such that Card Hom I ′• (λ ′ , Φ(λ)) = 1. We shall also say that a projective subsystem I ′ in a projective system I is cofinal in I if the dual embedding functor from I ′• to I • is cofinal. (see [2] , Appendix (1.5), [11] , Exposé I, Definition 2.7 and Definition 8.1.1).
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Definition of D-local algebraic fundamental groups
Let (X, p) be a germ of irreducible normal complex analytic spaces and let M X denote the field of germs of meromorphic functions on X. In what follows, we fix an algebraic closure M X of M X and the inclusion i X : M X → M X . Take any D ∈ Div Q X and fix it. Recall that a holomorphic map between complex analytic spaces is said to be finite, if it is proper with discrete finite fibres. Remark 1.2. The above terminology is different from the one in [34] , in which "an index one cover" means a canonical or log canonical cover in our terminology. Definition 1.3. Connected index one covers (resp. connected index one Galois covers) of X with respect to D form a full subcategory of complex analytic germs denoted by I
and a pointing i Y are called pointed connected index one covers with respect to D. Pointed connected index one covers (resp. pointed connected index one Galois covers) with respect to D and morphisms
Non-zero C-algebra A is called a complex analytic ring if there exists a surjective C-algebra homomorphism O an E,0 → A, where E ≃ C n for some n. Recall that the category of complex analytic rings A which are finite O X -modules and that category of germs of complex analytic spaces which are finite over X are dual to each other via the contravariant functor Specan X (see [6] and [8] , VI). The structure morphism f * : O X → A is injective if and only if f : Specan X A → X is surjective by the Remmert's proper mapping theorem (see, for example, [6] , 1.18). Let ϕ be a meromorphic function on X such that O X (−rD) = ϕO X and let π :X → X be the canonical cover with respect to D obtained by taking a r-th root of ϕ, where r := ind p D and fix a pointing iX. Take any 
) isétale in codimension one. One can also check easily that the same holds even if f is not Galois.
p ) whose objects are strict index one covers with respect to D (resp. pointed strict index one covers with respect to D) and let
p ) denote the full subcategory of I † 1 (X; D) (resp. projective subsystem I † 1 (X; D) p ) whose objects are strict index one Galois covers with respect to D (resp. pointed strict index one Galois covers with respect to D).
Then by the Galois theory, there exists a canonical surjective homomorphism g λ,µ :
which is nothing but the restriction map. Thus Galois groups Gal (Y
p form a projective system with the induced morphisms from
Definition 1.8. We define a profinite groupπ
which is called a divisorial local algebraic fundamental group with respect to D, or a D-local algebraic fundamental group. Remark 1.9. Obviously, D-local algebraic fundamental groups do not depend on the choice of inclusions i X : M X → M X . Remark 1.10. Our profinte groups can not be defined directly using Grothendieck's theory "catégories galoisiennes" because we can not find a suitable category for our theory. The problem is the existence of a final and an initial object as in the axioms (G 1) and (G 2) (see [10] , Exposé V, §4).
Cartier. Then it is obvious by the definition that I
Comparison theorem
In this section, we shall compare D-local algebraic fundamental groups with certain topological invariants. For a germ of normal complex analytic spaces (X, p), put Reg X := projlim p∈U ;open Reg U, where Reg U is the smooth loci of U and let π loc 1 (Reg X) denote the local fundamental group defined as projlim p∈U ;open π 1 (Reg U) andπ loc 1 (Reg X) its profinite completion which is called the local algebraic fundamental group of (X, p). Let Σ be an analytically closed proper subset of X. According to Prill ([27] , §IIB), there exists a contractible open neighbourhood U of p such that there exists a neighbourhood basis {U λ } λ∈Λ of p satisfying the condition that U λ \ Σ is a deformation retract of U \ Σ for any λ ∈ Λ. By the definition, we have π 1 (U \ Σ) = projlim p∈U ;open π 1 (U \ Σ). We call such U as above a Prill's good neighbourhood with regard to Σ and we say that {U λ } λ∈Λ is a neighbourhood basis associated with U . Recall that U λ is also a Prill's good neighbourhood with regard to Σ and for any two Prill's good neighbourhood U and U ′ , U \ Σ and U ′ \ Σ have the same homotopy type. In particular, we have π loc 1 (Reg X) ≃ π 1 (Reg U ) for a Prill's good neighbourhood U with regard to Sing X. To introduce the generalized notion of local fundamental groups, let us briefly review here the theory of universal ramified coverings due to M. Kato ([14] ), M. Namba ( [25] ) and J.P. Serre ([32], Appendix 6.4) according to M. Namba. Let B be an integral effective divisor on a connected complex manifold M and let B := i∈I b i B i be the irreducible decomposition of B. Fix a base point x ∈ M \ Supp B and let γ i be a loop which starts from x and goes around B i once in a counterclockwise direction with the center being a smooth point B, x) denote the normal subgroup generated by all the conjugates of the loops {γ bi i } i∈I . Recall that N (M, B, x) is known to be independent from the choice of such loops. We define a B-fundamental group of M by putting
x).
A finite covering f : N → M from a connected normal complex analytic space N which isétale over M \ Supp B is said to be branching at most (resp. branching ) at B, if the ramification index eB i,j (f ) of f at any prime divisor B i,j such that f (B i,j ) = B i divides (resp. is equals to) b i for any i ∈ I. Let F C ≤B (M ) (resp. F C B (M ) ) denote the category of finite coverings over M branching at most (resp. branching) at B. Let F GC ≤B (M ) (resp. F GC B (M )) denote the full subcategory of F C ≤B (M ) whose objects consists of Galois covers over M . Triplet (N, f, y), where (N, f ) ∈ Ob F C ≤B (M ) and y ∈ f −1 (x) are called pointed finite coverings branching at most at B. Pointed finite coverings branching at most at B and morphisms f λ,µ ∈ Hom F C ≤B (M) ((N µ , f µ ), (N λ , f λ )) such that f λ,µ (y µ ) = y λ , where (N µ , f µ , y µ ) and (N λ , f λ , y λ ) are two pointed finite coverings branching at most at B form a projective system denoted by F C ≤B (M ) p . We also define the projective subsystems 
p and that the functor Ψ defines an equivalence between the above two projective systems. Thus by using the basic group theory, we obtain the following lemma.
where
For a germ of normal complex analytic spaces (X, p) and B ∈ Weil X, we define a B-local fundamental group of X with respect to B as follows:
∧ , we mean the profinite completion of π B 1,loc (Reg X).
Remark 2.4. We note that apparently, we have π
Before arguing about the comparison with D-local algebraic fundamental groups and B-local algebraic fundamental groups, we introduce certain categories containing the categories of connected or strict index one covers as a full subcategories as an intermediate step. 
we mean a category of connected integral covers ( resp. a category of strict integral covers ) with respect to D. We shall also define categories Int m( †) (G)(X; D) (p) similarly as before. 
is non-empty for any i. Thus we see that any connected finite topological covering f − : V − → U − determines a finite surjective morphism f : Y := (V, q) → X from a germ of normal complex analytic spaces Y uniquely up to isomorphisms, where f −1 (p) = {q}. For two connected finite topological coverings f
− be the extended finite covers and f : Y i → X be the corresponding finite surjective morphisms as above for i = 1, 2. By [10] , Exposé XII, Proposition 5.3, the restriction map r :
is bijective and composed with the canonical injection Hom
From the above argument, we see that we have a canonical faithful functor P called a Prill functor from the category of connected topological finite coverings over U − denoted by F T (U − ) to the category of germs of normal complex analytic spaces which is finite over X andétale outside over Σ denoted by F C(X, Σ).
Lemma 2.8. A Prill functor defines an equivalence between the categories F T (U − ) and F C(X, Σ).
Proof. We note that the restriction functor R λ :
defines an equivalence of categories between F T (U − ) and F T (U − λ ) since these are known to be determined up to equivalences by the corresponding fundamental groups. Put (V
is bijective and that we have
). Therefore, we conclude that the canonical map
is bijective, which implies that the functor P is faithfully full. Take any (Y, f ) ∈ Ob F C(X, Σ). Then f is represented by a finite cover f : V λ → U λ for some λ ∈ Λ, where V λ is connected. Since f isétale over U − λ and V
λ . Thus we conclude that P is essentially surjective 1 , and hence P defines an equivalence. Remark 2.9. It is obvious that a Prill functor also defines an equivalence between the full subcategory of Galois objects of F T (U − ) and F C(X, Σ). Note that giving a pointing to an object of F T (U − ) and F C(X, Σ) has essentially the same meaning since the number of pointings for (V − , f − ) ∈ Ob F T (U − ) and the number of pointings for (Y, f ) ∈ Ob F C(X, Σ) are both deg f = deg f − . Thus we see that P induces an equivalence between F T (U − ) p and F C(X, Σ) p .
Notation 2.10. Let B X (D) be the set of all the prime divisors on X such that e Γ (D) > 1 and define the Weil divisor D ∨ on X by putting
Combined with Lemma 2.1, Lemma 2.8 yields the following proposition. Let C be a category and let X ∈ Ob C be an object of C and G ⊂ Aut X be a subgroup of the automorphism group of X. Definition 2.13. An epimorphism f : X → Y in C is said to be Galois with the Galois group G, if G = Aut Y X := {σ ∈ Aut X|f • σ = f } and for any morphism
Remark 2.14. Assume that two Galois morphisms f : X → Y and f ′ : X → Y ′ with the Galois group G are given. Then by the universal mapping property, there exists an isomorphism ϕ :
is, Galois morphisms with the Galois group G is unique up to this equivalence.
Example 2.15. Let F := (Fields) be a category of fields such that Hom F (K 1 , K 2 ) is empty or consists of inclusions for any K 1 , K 2 ∈ Ob F . For any finite extension i : K 1 → K 2 , i is a Galois extension if and only if its dual i
in the dual category F • is Galois by the Galois theory.
Definition 2.16. For any two morphisms f ∈ Hom C (X, Y ) and g ∈ Hom C (Y, Z), we define a subgroup Aut
The following lemma grew out of Prof. A. Fujiki's suggestion.
Lemma 2.17. Let f ∈ Hom C (X, Y ) and g ∈ Hom C (Y, Z) be two Galois morphisms and assume that the second projection p 2 : Aut
Since g is also an epimorphism, we obtain ϕ ′ = ϕ. 
, it is obvious that σ * lifts to an automorphismσ * on M X by puttingσ * T = vT . Thus we see that any elements of Gal (Y /Z) lift to elements of Gal (X/Z).
Lemma 2.19 (c.f., [31] ). Let A be an integral complex analytic ring and M be its quotient field. Let A L be the normalization of A in a finite extension field L of M. Then A L is also an integral complex analytic ring which is a finite A-module. A is N-1, hence N-2 by [19] , Ch. 12, Corollary 1, that is, A L is a finite A-module. By [31] , Theorem 1, A is a finite O an C n ,0 -module for some C n , hence so is A L . Thus by [31] , Theorem 3, we conclude that A L is a complex analytic ring.
Proof. Recall that A is noetherian ([8], II, Proposition 2.3). [31], Theorem 4 says that
Remark 2.20. Lemma 2.19 implies that if we are given a finite extension field L of the meromorphic function field M X of an irreducible germ of complex analytic spaces X, there exists a germ of normal complex analytic spaces Y with a finite surjective morphism f : Y → X such that M Y is isomorphic to L over M X and such Y as above is uniquely determined up to isomorphisms over X.
The following proposition can be also derived from Proposition 2.11, but we shall give an algebraic proof for further research such as extending our theory to the positive characteristic case.
p is cofilterd and is cofinal in I †
Proof. Firstly, we prove the first statement. Take any two objects (
We note that L is a finite Galois extension of M X by its definition. Let g : Z → X be the normalization of X in L as explained
Since L is a finite Galois extension of M X by its construction, we have an object
In the same way as in the previous argument, we conclude that (Z, 
Universal index one covers
Let U be a Prill's good neighbourhood with regard to Sing X and {U λ } λ∈Λ its associated neighbourhood basis. Take
, where P is a Prill functor. Let f : V → U be the extended finite cover of f − . By Lemma 2.7, V is a Prill's good neighbourhood with regard to f −1 (Sing X) with {V λ } λ∈Λ being its associated neighbourhood basis. Thus we have Proof. Assume thatπ loc 1 (RegX) is finite and take a final object (X, π, iX ) ∈ Ob I † 1 G (X; D) p . By the assumption,
Remark 3.5. Assume that (X, ∆) is purely log terminal, where ∆ is a standard Q-boundary. Then (X, ∆X ) is known to be canonical, henceX has only canonical singularity if we assume that ⌊∆⌋ = 0 orX is Q-Gorenstein. Thus if dim X ≤ 3, thenπ loc 1 (RegX) is finite by [33] , Theorem 3.6. Proposition 3.6 (c.f., [10] , Exposé IX, Remark 5.8). There exists the following exact sequence in the category of profinite groups :
Lemma 4.1 (c.f., [15] , Corollary 10.8). Take any D ∈ Div Q X ∩ Weil X and let π :X → X be the canonical cover with respect to D. Assume that there exists a normal prime divisor Γ passing through p ∈ X such that the following three conditions hold.
( 
Lemma 4.2 (c.f., [28] , Lemma 1.12, [30] ). Let X be a normal complex analytic space embedded in some domain in C n . Consider the hypersurfaces H τ on C n parametrized by τ ∈ P n which is defined by a linear equation τ 0 + n i=1 τ i z i = 0, where z 1 , . . . , z n is a complete coordinate system of C n . Then there exist a non-empty open subset U ⊂ P n and a countable union Z of closed analytic subsets of U such that for any τ ∈ U \ Z, H τ ∩ X is a normal hypersurface on X.
Proof.
Take an analytic open subset U ⊂ P n such that for any τ ∈ U ,H τ := H τ ∩ X is non empty and H τ does not contain X. Since the base point free linear system {H τ } τ ∈U on X induces a base point free linear system on Reg X, we have SingH τ ⊂ Sing X and codimH τ SingH τ ≥ 2 for any τ ∈ U \ Z, where Z is a countable union of closed analytic subsets of U by Bertini's theorem. Moreover, we may assume that for k = 1, . . . , d−2,H τ does not contain any maximal dimensional components of (Sing X) ∩ S k+1 (O X ), where d := dim X and S k (O X ) is a closed analytic set consisting of points at which the profoundity of O X does not exceed k. Since we have (SingH τ )∩S k (OH τ ) ⊂ (Sing X)∩S k+1 (O X ), we see that dim(SingH τ ) ∩ S k (OH τ ) ≤ k − 2 for any k, henceH τ is normal for any τ ∈ U \ Z by [6] , 2.27, Theorem. Remark 4.3. Let X be a normal Stein space. For Q-divisor ∆ on X, let Mult X (∆) ⊂ Q denote the subset consisting of all the multiplicities of ∆ at prime divisors on X. We note that for general normal hyperplanesH τ , we have
To state the Lefshetz type theorem, we need to fix some sort of general conditions. We shall consider the following conditions assuming dim X ≥ 2.
is divisorially log terminal and {∆} = 0 or (M 2) β (X, ∆) is purely log terminal. (M 3) There exists an irreducible component Γ of ⌊∆⌋ passing through p ∈ X such that K X + Γ is Q-Cartier.
Remark 4.4. (M 2)
* is a slightly stronger condition than (M 2). 
Proof. Put r Γ := ind p (K Γ +Diff Γ (∆−Γ)). Firstly, we note that (X, Γ) is purely log terminal and that Γ∩Supp (∆−Γ) is purely one codimensional in Γ since ∆−Γ is Q-Cartier by the conditions (M 2) and (M 3). We show that r Γ (K X +∆) is an integral divisor on X and is Cartier at general points of any prime divisors on Γ. By taking general hyperplane sections, we only have to check that if dim X = 2, then r Γ (K X +∆) is Cartier. This can be checked by the classification of log canonical singularities with a standard Q-boundary due to S. Nakamura (see, §3.1 or [17] , Theorem 3.1), but we can also argue in this way as follows. We note that p ∈ X is a cyclic quotient singular point with the order, say, n by the condition (M 2). If Γ ∩ (⌊∆⌋ − Γ) = ∅, then X is smooth, hence this case is trivial. Assume that Γ ∩ (⌊∆⌋ − Γ) = ∅.
Since we can see that (X, ∆) is purely log terminal in this case from the condition (M 2), we can write ∆ = Γ + dΞ for a prime divisor Ξ such that (Γ, Ξ) p = 1 and for some d = (l − 1)/l, where l is a natural number and we have mult p Diff Γ (∆ − Γ) = (nl − 1)/(nl), as in [35] , Lemma 2.25, which implies r Γ (K X + ∆) ∈ Div X. Going back to the general case, we see that D := K X + ∆ ∈ Div Q X and Γ satisfies the conditions in Lemma 4.1 using [34] , Corollary 2.2 and Lemma 3.6, hence we conclude that r Γ (K X + ∆) ∈ Div X. Remark 4.6. We note that Diff Γ (∆ − Γ) is also a standard Q-boundary, since DiffΓ((∆ − Γ)X ) is a Q-boundary (see [34] , (2.4.1)).
Example 4.7. Let X be the germ of C 2 at the origin and put Γ := div z and ∆ := div z+(1/n)div w+(1/n)div (z+w), where (z, w) is a system of coordinates and n ∈ N . Then we have ind 0 (K X + ∆) = n while ind 0 (K Γ + Diff Γ (∆ − Γ)) = n/2 (resp. n) if n is even (resp. if n is odd), which explains why we need the assumptions in Proposition 4.5.
A directed set (Λ, ≥) naturally forms a cofilterd projective system assuming that for λ, µ ∈ Λ, Card Hom Λ (λ, µ) = 1 if and only if λ ≥ µ. We call this projective system Λ a cofilterd index projective system. Let us recall the following basic result (see, for example, [29] ). Then there exists a canonical surjective morphism in (Top. groups) :
Let ∆ be a Q-divisor on X such that K X + ∆ is Q-Cartier. In what follows, we put 
